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Review
 Operation Types

Input Image

s Point Operation

= Gray-level transformation

*» Local Operation

= Mask Processing or filtering

¢ Global Operation

= Use values of all pixels

= (e.g.) Fourier transform

Histogram equalization, etc Output Image
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Preliminary Concepts

4 Is it possible?
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Fourier Series

 Fourier Series corresponding to a function f(x)

 Which is defined in the interval c < x < ¢ + 2L

+Z(a cos—+b smT] Fourier Series
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Fourier Series

 Fourier Series vs. Periodic Extension of f(x)

* If f(x) and df(x)/dx are piecewise continuous and f(x) is defined by
periodic extension of period 2L, I.e.

f(x+2L)=f(x)

then the series converges to f(x) if X Is a point of continuity and to
(1/2){f(x+0)+f(x-0)} if X Is a point of discontinuity.
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Fourier Series

d Example 1
1 :
0 7 o
2 -
— _I f(x)cos—dx — —IO f(x)dx=0
1 e27 N 24 27
a, :_I f(x)cos—dx =—I cosnxdx——j cos nxdx a, & nm nmx
0 T T *Y T —°+Z(an cos—+b, sin—]
2 I L L
l . :
= —[sinnx] ——[sinnx[" =0 where
nmw nrw a, _—I +2Lf(x)cos—dx
b :% [ fsin " ds
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_0 EOO nax + nax
— [ COS b sin J
I O

where

1 pet2L X
a =— x)cos—dx
=7 feos=

2k mx

T

z . T 1 p27
bz,{:ir f(x)sin dx:lj 811121’c:>a:1bc——j2 sin 2kxdx
7T 90 7T 70 T o7

b = % [ r@ sin%dx

1 [cos 2kx [ + 1 [cos 2kx " =
T 2kr
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Fourier Series

AR A

7

+ +
1 3 5

~127sinx+0.42sin3x+0.25sin5x+L

4 (sinx sin3x sin5x j
+L
T
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Fourier Series

1 Complex Form

i
L

F=Y ¢, exp

n=—o0

 (1/2)(a,—jb,)) n>0
(1/2)a_, + jb.,) n<0
(1/2)a, n=>_0

M

1 pet2L jnmx
C,=—— X)exp| — dx =
=57) T p{ ; }
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Fourier Integral Theorem

. Continuous Form of Fourier Series

f(x)= J.: {A(a) cos ax + B(a)sin fxx}d o
A(a):lr f(x)cosaxdx, B(ax) :lr f(x)sin ax dx
T T ¥

Suftficient conditions under which this theorem holds are:

(1) fix) and df(x)/dx are piecewise continuous in every finite
interval —-L <x<L;

(2) f ‘ f (x)‘dx converges;

(3) f(x) 1s replaced by (1/2) {f(x+0)+£(x-0)} 1f x 1s a point of
discontinuity.
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Fourier Integral Theorem
f(x)= I: {A(a') cosax + B(a)sin ax}da:

s 4]

i{ I f(u)cosaudujcosax+[f_ f(u)sinaudujsinax}

T

U f(u)cos au cos ax du + j f(u)sin ou smaxduj

f(u)(cos QU COS o + S1n aut SIn m:)d

5 |~—->~l Ir—-r\l I-

f(u) cosa(x—u)du

f(x)_—j j f(u)cosa(x —u)duda
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Fourier Integral Theorem

f(x)——j_ I__ f(u)cosa(x—u)duda

(

=] f(u)\f; cos a(x —u) da] du

:— i f(u) B (cosa(x—u)+jsina(x—u))da}du
27 9

| .0
=] S

explja(x—u)] da} du j=~-1
= 217?[1 Ii f(u)expljo(x —u)| duda

e/’ =cos@+ jsin@  Euler's Identity
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Fourier Integral Theorem

1@ =o-[" [ rwexpliat-wduda

_ L
27 9
|

= EJ‘: F(a)exp|jox|da

(fw f(u)exp|- j a'u]duJGXp[ jox|de

F(w) = _EO (X)) exp[— ja)x]dx
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Fourier Transform

d Fourier Transform

U =F(@)=[ f(x)exp[- jox]dx

3 {F(a))} = f(x)= i IZF(a)) exp[ja)x]da)
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Fourier Transform
d Example 1 ]

F(w) ;
= [ f(xyexp[- jaax]dx

= :_bh exp[— ja)x]dx /\/\/ \A/\

h .
= (cosax — jsin ax)dx 2 Ll [ ah = X
b \ L b [ St b
1 . b 2 . ’
=— [sm (ax]_,, =—sinbw
0] .
sinbw
|F(w)|=2b |
: bw
sin bw R T
in nction ,
b Sl Magnitude of complex number
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Fourier Transform

d Example 2 1

-1
= P el /\/\/ \/\/\
jw
— L 1 —exp(= jbo)] A
jo
- 'jbmz)[e)(p(ﬂ)TwJ_eXP[_ﬂ)Twﬂ in(b/2
Jja
sin(h/2)e F(w)|=b b 2o
=b exp(— jbw/2) (b/2)w
(b/ 2
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Fourier Transform

3 -
2h
/\/\/ \/\/\ |
! A 1 ; ! — @ f’/\n/{\n/-\'r/\ 1)
27 S 0 x° 27 4x . 2m 0 2z~ . 4x
b "8 b " b b b b b
sinbw sin(b/2 fo‘
F (@) =2b F(w)|=b (6/2)
ba (b/2)w |
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Fourier Transform

J Another form of Fourier Transform

Fu)=] /() exp[- j2mux]dx

f(x)= I:F(u)exp[ j2mux|du
w=2mu = do=2rdu

) == [ Fl@expljanldo
-],

= EO F(u)exp| j2mux|du
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Fourier Transform

 Frequency Domain vs. Euler’'s Formula
e’ =cosw+ jsinw = T=21 for o

J2

e’ =cos2mu+ jsm2m = T=1 for u

® The variable u represents frequency of the transform kernel
® So u 1s called a frequency variable and jl

M

the u domain 1s called a frequency domain

a+ jb=me’ magnitude m=+a’+b’

phase 6 =tan™ (b/ a) k

Oct 23, 2020 07010667 Digital Image Processing



Discrete Fourier Transform

. Discrete Form of Fourier Transform

1 M-1 _
Fuy =72 fexplj2mex/ M] e of samples

M-I ,x=0,012,....M -1
f(x)=> F(u) explj2mux /M| o
u=0

n AN
sin —— X
M
= T=— for x 0 WZ
u
hen M =12

W
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d Example

Oct 23, 2020

J(x)=

Discrete Fourier Transform

0001 11
] Nt i : >
F(u)=—)Y f(x)exp|- j2mux/N]
N x=0 f A
N-1 o8 '
u=0 L . ] =
9 >

f 000111 000T1(f11000T1T1°1

Fl 320102320102 320102 (/6

(012345 ]=1/6)[3 -1+/43 0 -1 0 —1—j\/§]
(012345]=01/6)[320102 ]

(012345]=/6)[3 1-j3 0 1 0 1443 |
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R
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Discrete Fourier Transform

1 1 1
1 0 0
0 0 O
1\0/1

2
0

0 1-74/3 0 1+/43 0

Fi,l

= (1/6)

|F,|=(1/6)
[Fi|=(1/6)

3 —1+j43 0 -1 0 —1-j¥3

1-j\3 0 1 0 1+43

0 -1 0
0 3 0
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Discrete Fourier Transform

 DFT and its inverse always exist

"”Z‘l F(u) exp[jszM] F(u)= ﬁtfz:f(x) exp[— j2fzux/M]

u=0

(ﬁZ f(s)expl- j2mus | M ]]exp[jsz M]

M

u=>0
M-1M
L f(s) exp[— }'2ﬂuSIM]expLj2ﬂux/M]
=0 u=
-1

.,_.

=

f (S)(Zexp[f 2(x—s)u/M ]} = ﬁ(f ()M )= f(x)

u=»0

§|~ R

Q Miexp[}'Zﬁ(x—S)u/M]= {ﬂg’ i x =_S

=0 otherwixe
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Discrete Fourier Transform

F(u)=R(u)+ jI(u)=|F(u)e™"

1/2

« Spectrum  |F(u)| = [R> (u)+ I” (u)]

s
| R(u)_

® Phase Angle ¢(u)=tan"'

" Power Spectrum (Spectral Density)

P(u) =|F ()| = R*(u)+1*(u)
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Discrete Fourier Transform

d Example
[F(u)|
fx)
K points
A /\f\;iM/\A/\f\
1t > X > U
I I } |
M points M points
\F(u)|
/%) 24K/M
2K points
y P
I s I > X Il I L /)
M points M points
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Discrete Fourier Transform

1 Relationship between samples in spatial and freq. domain

F(x)  flx+Ax)  f(x +2Ax) S (xy +(M —1)Ax)
/(0) S 1) fQ2) S (M =1)
F(0) F(1) F(2) F(M-1)
F(0) F(Au) F(2Au) F((M -1)Au)
Ax) AV =1/M zl) — E” — I :f_ — Ay 21
y Ax? =(1/2)/ M r;” Uk 1 !
=[/2M
> X ul(.-z) = }7) = 1 =2 <k - A= 2
. o R0 Lo | F
fi) (3)
M sample points v Agp = 1
1 I MAx

requency = f =—=
Joeg y=J T Period
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Summary

1 Review

 Fourier Series

 Fourier Integral Theorem
 Fourier Transform

[ Discrete Fourier Transform

dNext: Filtering in the Frequency Domain
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Q&A
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