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Fourier Transform

1 1D Fourier Transform

U =F(@)=[ f(x)exp[- jox]dx

3 {F(a))} = f(x)= i IZF(a)) exp[ja)x]da)
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Fourier Transform
d Example 1 ]

F(w) ;
= [ f(xyexp[- jaax]dx

= :_bh exp[— ja)x]dx /\/\/ \A/\

h .
= (cosax — jsin ax)dx 2 Ll [ ah = X
b \ L b [ St b
1 . b 2 . ’
=— [sm (ax]_,, =—sinbw
0] .
sinbw
|F(w)|=2b |
: bw
sin bw R T
in nction ,
b Sl Magnitude of complex number
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Fourier Transform

F(u) = j_i f(x)expl- j2mux]dx

f(x)= I:F(u)exp[ j2mux|du
w=2mu = do=2rdu

) == [ Fl@expljanldo
-l

= EO F(u)exp| j2mux|du
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Fourier Transform

1 2D Fourier Transform

F(u,v)= f f £ (x, y)e 727 g gy
f(x,y)= J‘_OD f F(u, v)ejz"”‘"(““‘f”') du dv

M-1N-1

F(u V) = —ZZf(x y)e—j2fr(ufo+wa)

xOyU

M-1N-1

f(x, y) = ZZF(ujv)eﬁ:fr(ufoWy,fN)

u=0 v=0
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Fourier Transform

1 Properties of 2D Fourier Transform

If f(x,y)isreal, F(u,v)=F (—u,—v)
’F(u, v)‘ = |F(—u,—v)‘ 1 1

3D = Fu-M/2,v-N/2)

WL @ N el

|

LS (x, )] = F(u,v) !
and s=clog(l1+r)
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Fourier Transform
d 1D Case

0001 11:

A\ 4

f 000111000111 000°T1T1]1
Fl 320[102(3)201[02 320102 €(/6)

Fl012345]=1/6)|3 -1+j¥3 0 -1 0 -1- 43 |
Fl 012345 ]=1/6)[320102 ]

|3 1443 0] -1 0 —1-j33 |[3) 1443 0 -1[0 —1-ji3 ]
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Fourier Transform




Fourier Transform
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Fourier Transform

Note the zeros in vertical frequency
components, corresponding to
narrow span of the white protrusion
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Fourier Transform

b b
b b
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Filtering In Frequency Domain

Fourier Filter Inverse
Tranuf m < Function s Fourier
. H(u,v) Transform
F (u,v) H(u,v)F, (u,v)
SO DT = 1,00 ) [h(x, ) * f (e, ) =D
Pre-processing H(u,v) Post-processing

Zero-Phase-Shift Filter

1 (1f1t1sreal) Jy

S(x,y) glx,y)=h(x,y)* f(x,y)
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Filtering In Frequency Domain

Z.ero-Phase-Shift ?

>

N . JH
(c+ jd)(a+ jb) atjb=me

T T (ca—db)+ j(ch+da) ot ]d _ mzej@

k(a+ jb) k(a+ jb)= kmleﬁ k>0
— ka+ jkb

(c+ jd)(a+ jb)=mm,e’ """

N[AVALS A 0)240) 07010667 Digital Image Processing



Filtering In Frequency Domain

Lowpass Filter

Low Frequency

Responsible for general
gray-level appearance of
an 1mage over smooth
areas

High Frequency

Responsible for detail,
such as edges and noise

.J‘": :JII.1 u\
) 1 I
\.;T:,'L"‘,— Origin

Highpass Filter
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Filtering In Frequency Domain

J Convolution
M-1N-1

S, y)*h(x,y) = ZZf(m,n)h(x—m,y—n)
MN m=0 n=0
fxy)
(x:y)
h(x.y)
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Filtering In Frequency Domain

J Convolution Theorem

fx,»)*h(x,y) < Fu,v)H(u,v)
f,h(x,y) < F(u,v)*H(u,v)

Spatial domain

Linear System

fy) =700 |—> 86 =f(x)*hx,y)

L

F(u,v) =—» H(u,v) =¥ Gu,v)=F(u,v)Hu,v)

Frequency domain
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Filtering In Frequency Domain
 Impulse Response

M-1N-1
ZZ(S()C—)CO,}J—J/O)S(X,J/)=S(xgayo)
x=0 y=0

1 M_IN-] B _ —j2m(ux/M+vy/N)
Axo > Yo —ZZ (x x{),y yg)e

N x=0 y=0

_ AJIN e—jZ:r(uxO;’M+v}’ng)
{ 5(x—x0,y_yo)*h(x y)
A u,v — -1N-1
0.0(U:V) MN 225(711 Xgs=Yo) h(x—m,y —n)
m=0 n=0

1
:M+Nh(x_x09y_yo)

5(x, ) * h(x, y) = ﬁh(x, »)
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Filtering In Frequency Domain

 Impulse Response & Convolution Theorem

1

§(x9y) * h(xa y) < AO,O(HS V)H(H,V) — WH(HS V)

5(r,y) —p |LHCHSYSEMY L N k(x, ) = ——h(x, )
9 h(x,y) 9 9 MN bl

oo,y) == H(uy) =—b — H(uy)

MN
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Filtering In Frequency Domain

1 Gaussian filters in spatial and frequency domain

H(u)= A & h(x) = 276 4e " where a = i
2o
H(u)=Gu;0) < h(x) =270 Glxi—)
2no
o=1 o=1/2 oc=1/4
w N N
a=1/2x ‘ a=1/r | a=2/rx
" / \ I
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Filtering In Frequency Domain

H(u) H(u)
' i

H(u) Ae—ulf?ﬂ‘ﬁ _Be—uszUg
h(x) = \/EO'IAQ_” 7ix \/_ O'ZBe_z” 3%

where A= B and o, >0,

= 1 - i
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Smoothing Freqguency-Domain Filters

1 Ideal Lowpass Filter

Cutoff Frequenc
Filtering in Frequency Domain {l If‘ D(H, V) < Dﬂ' ! ’
V

0 if D(u,v)> D,
where D(u,v)=|(u—M /2)* +(v—N/2)*|"

A

Gain I

Passband Stopband

™

D, Frei].

1D Ideal Lowpass Filter 2D ILPF for Fourier
spectrum
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Smoothing Frequency-Domain Filters

d (Example) oW
D, =5,15,30,80, 230 e ol o
a =92.0,94.6,96.4,98.0,99.5% | | | | | | | |
@ = —nva |
P(u,v) Al ] L]
u=0 v=0

where P(u, V) is the power spectrum /-—;”a/

d

. B ,,J,,n_,,",n-a-a. |

s mm
‘o : R T ST
Prd 3 s r. .'-. o l-'-,.
- ? = oty RIPlE

aaaaaaaad aaaaaaad

Ringing
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Smoothing Frequency-Domain Filters

H (u,v) h(x,y)

AT

f(x,p) f(x,y)*h(x,y)
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Smoothing Frequency-Domain Filters

 Butterworth Lowpass Filter
I
1+[D(u,v)/ D,]|*"
where D(u,v) = [(u ~M /2 +(v-N/ 2)2]

H(u,v)=

1/2

.

D, D(u,v)

2D BLPF for Fourier
1D Butterworth Lowpass Filter spectrum
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 (Example)
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Smoothing Frequency-Domain Filters

D, =5,15,30, 80, 230
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Smoothing Frequency-Domain Filters

A

n=1 n=>2 n=>3 n=20

h(x,y)
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Smoothing Frequency-Domain Filters

1 Gaussian Lowpass Filter

H(u,v) _ e—Dz(u,v)/zo'z

o =10,20,40,100

b
>

D(u, )
(%) 2D GLPF for Fourier

1D Gaussian Lowpass Filter spectrum

H(u,v)‘D:Cr =e'"* 2 0.607
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Smoothing Frequency-Domain Filters

3 (Example) cenmmm [ i
a .
-
b el | e B aa L d
Y =t ['!'!'l'laa‘a cemmE ceoemmE
SRR 2 1 BEEEEYY 1 Ty 1 ceummm ;
la Illlllﬁll L, |°|i'|°|u&u1 soe a soo a i
iieesaas fucusaca | Lsssanaleesnana | {1 [T
s | ~a o | oa sanaaaaa saaaaaad
['!'l'q”lm ['!'!"l.'l‘,g.a ','l'l'l'l - ['l'l'l'l - |
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Smoothing Frequency-Domain Filters

1 Additional Examples

Nov 6, 2020

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
year. Accordingly, the
company's software may
recognize a date using "00"
as 1900 rather than the ygar
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Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
year. Accordingly, the
company's software may
recognize a date using "00"
as 1900 rather than theﬁy
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Smoothing Frequency-Domain Filters
1 Additional Examples
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Sharpening Freqguency Domain Filters

th(u,v) =1—H[p(u,v)

Ideal . 0 if D(u,v)<D,
H(u,v)=
I if Du,v)> D,
*
Butterworth H (., v) = e ”1)( G
+ TRY
. v “
(Gaussian H(uv)=1- oD w)/2D;
. \ 4

N[AVALS A 0)240) 07010667 Digital Image Processing



Sharpening Frequency Domain Filters

h(x,y)

G
Tal
\J

S’

¥ ]

Ideal Butterworth Gaussian
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Sharpening Frequency Domain Filters
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Sharpening Frequency Domain Filters

 Laplacian in frequency domain

PR Jarm)_, .,
s[vzf(x,y)]zs[f;{ +‘; / } { ,, }—(w) F(u)
X y

= (ju)zF(u,v) + (jv)zF(u,v) = —(u2 - vz)F(u,v)

: A

H(u,v)=—(u"+v°)
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Sharpening Frequency Domain Filters

O] 1] 0
1 | 4| 1
O(11]0

h(x,y) =3 (=(u’ +v%))
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Sharpening Frequency Domain Filters
d (Example)

g(x,y)
= f(xay)_vzf'(xay)

G(u,v)
=F(u,v)+ @’ +v°)F(u,v)
=1+ @® +v*) |F(u,v)

Hu,v)=1+@? +v?)
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Sharpening Frequency Domain Filters
 Unsharp Masking and Highpass Filtering

« Unsharp masking generates a sharp image by subtracting from an
Image a blurred version of itself

« Highpass filtering can be considered as an unsharp masking

Juan (5 ¥) = f (6, )=k f,(x, )

F, w,v)=F(u,v)—kF,(u,v)=F(u,v)—kH  (u,v)F(u,v)
= (1= k)F (u,v) + k[ 1= H, (u,v)| F (1, v)
=(-k)F(u,v)+kH,,(u,v)F(u,v)

H,, (u,v)=(1-k)+kH, (u,v)

Usm

F,(u,v)=H, (u,v) F(u,v) ; k=1
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Sharpening Frequency Domain Filters
4 High-Boost Filtering

» Generalization of unsharp masking

S (X, )= Af (x, ) [, (x,¥)
=(A-Df(x, )+ f,,(x,)

F,(u,v)=(A-DFu,v)+H, (u,v)F(u,v)
—[ (4= +H, @] Fu,v)
H,,(u,v)=(A-D)+H, (u,v)

H,, (u,v)=(1-k)+kH, (u,v)

usm
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Sharpening Frequency Domain Filters
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Sharpening Frequency Domain Filters

4 High Frequency Emphasis Filter

thé(u,v) =a +thp(u,v)
where 0.25<a<0.5 and 1.5<b<2.0 typically

H(u,v)

» D(u,v)
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Sharpening Frequency Domain Filters

Original
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Summary

 Fourier Transform
4 Filtering in Frequency Domain
d Smoothing Frequency Domain Filters

 Sharpening Frequency Domain Filters

dNext: Image Restoration and Reconstruction
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Q&A
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